As one of paradigmatic phenomena in condensed matter physics, the quantum anomalous Hall effect (QAHE) in stoichiometric Chern insulators has drawn great interest for years. By using model Hamiltonian analysis and first-principle calculations, we establish a topological phase diagram and map on it with different two-dimensional configurations, which is taken from the recently-grown magnetic topological insulators MnBi4Te7 and MnBi6Te10 with superlattice-like stacking patterns. These configurations manifest various topological phases, including quantum spin Hall effect with and without time-reversal symmetry, as well as QAHE. We then provide design principles to trigger QAHE by tuning experimentally accessible knobs, such as slab thickness and magnetization. Our work reveals that superlattice-like magnetic topological insulators with tunable exchange interaction serve as an ideal platform to realize the long-sought QAHE in pristine compounds, paving a new avenue within the area of topological materials.
The marriage between magnetism and the topology of electronic structures in condensed matter systems provides fruitful ground for the exploration of exotic quantum phenomena [1] [2] [3] . Among them, the quantum anomalous Hall effect (QAHE), induced by spontaneous magnetization without an extrinsic magnetic field, have been sought for years because its dissipationless chiral edge state holds the potential to realize the next-generation electronic devices with ultralow power cost [4, 5] . The QAHE was firstly observed in Cr-doped topological insulator (TI) thin films, but only at low temperature around 100 mK [6] .
Therefore, many efforts, especially theoretical proposals [7] [8] [9] [10] [11] [12] [13] [14] , have been put into 2D stoichiometric magnetic insulators with a nontrivial Chern number (i.e., Chern insulators) in order to realize QAHE that survives at a higher temperature, yet without solid experimental confirmation.
Recent breakthrough in such direction has been made thanks to the growth technology of 2D ferromagnetic (FM) semiconductors [15, 16] and more importantly, intrinsic 3D magnetic TI MnBi2Te4, a magnetic version in analogy to time-reversal (T) preserved TI Bi2Te3 stacked by Van der Waals (VdW) connected sublayers. It is predicted and soon experimentally verified that MnBi2Te4 in its magnetic ground state is a Z2 antiferromagnetic (AFM) TI protected by a combined symmetry of T and a fractional translation operation [17] [18] [19] [20] [21] . Later, the quantized Hall conductance is observed in the 2D limit of MnBi2Te4 down to 5-6 septuple layers [22, 23] . However, although 2D MnBi2Te4 multilayers with uncompensated AFM configurations are also predicted to be Chern insulators [24] , a magnetic field about 10 Tesla is required to fully align the spins to a FM state [22, 23] . Strictly speaking, the QAHE happens without magnetic field because it originates from the topological protected chiral edge states of a Chern insulator [5] . The external magnetic field brings in two types of ambiguity: one is the contribution from the quantized Landau levels, i.e., quantum Hall effect [25] ; and the other is the possible topological transition from normal insulator (NI) to Chern insulator induced by the Zeeman exchange field [26] . Hence, to obtain an ideal QAHE system with, if necessary, a small enough magnetic field, a better understanding of the route to achieve the QAHE with experimentally tunable "knobs", as well as realistic material candidates are highly desirable.
In this Letter, we investigate the topological phase transitions of 2D magnetic systems and how to rationally design quantum anomalous Hall insulators. Starting from an effective model of 3D T-preserved TI (such as Bi2Te3) under spontaneous exchange field, we present solutions for 2D thin films and thus a phase diagram containing various topological states including T-preserved quantum spin Hall effect (QSHE) [27, 28] , T-broken QSHE [29] , QAHE phase. For material realization, we are inspired by the recent growth of MnBi4Te7 and MnBi6Te10 single crystals [30, 31] , which are in essence 1:1 and 1:2 superlattice composed by MnBi2Te4 septuple layer (denoted as "A" hereafter) and Bi2Te3 quintuple layer (denoted as "B" hereafter), respectively. Thanks to the diversity of 2D configurations of MnBi4Te7 and MnBi6Te10 compared with MnBi2Te4, we find by using first-principle calculations that the combinations of A and B building blocks are able to realize all the topological phases in our phase diagram. For example, ABA in its FM state exhibits QAHE, while AB and BAB exhibits T-broken QSHE. Since the Bi2Te3 buffer layer effectively decreases the AFM coupling between two neighboring A layers, the magnetic field required to trigger the QAHE is orders of magnitude weaker than that for MnBi2Te4 thin films.
Furthermore, we illustrate the possibilities to manipulate the topological phase transitions in the phase diagram either horizontally (by stacking) or vertically (by exchange field) through band gap engineering.
Topological phase diagram from 2D effective model
Staring from the 4 × 4 model Hamiltonian of T-preserved 3D TI for Bi2Se3 and Bi2Te3 [32] , we scale it down to the 2D limit by replacing kz with the operator [33] , and then add a uniform exchange field to it. The resultant model Hamiltonian is thus written as: 
where
Zeeman effect is characterized by exchange field M along the z axis and the effective factor. This Hamiltonian Eq. (1) is invariant under T as well as inversion symmetry. The extrinsic structural inversion asymmetry (SIA) induced by substrate effect is not included here, but the SIA effect from the specific material candidates will be discussed later. (1) is reduced to a block-diagonal Hamiltonian with two spin channels decoupled with each other, in an equivalent form discussed in Ref. [26, 34] : 
The phase diagram is then established according to the topological invariants.
We note that the T only preserves when M = 0, for which the topological nature of the thin film exhibits here an oscillatory behavior between NI and T-preserved QSHE [35, 36] .
With a finite magnetization | | < ∆, there is no gap closing between T-preserved QSH and T-broken QSH, indicating that they are equivalent topological phases characterized by the same spin Chern numbers. Several observations can be drawn from Fig. 1 . Firstly, a large enough magnetization M can drive either NI or QSH insulator to the QAHE territory, in consistent with Ref. [26] . Therefore, even the effect of Landau level can be excluded, the magnetic-field induced quantized Hall conductance holds the ambiguity that the magnetic field can trigger the QAHE by such phase transition. Secondly, the phase transition between NI and T-broken QSHE is inevitably accompanied with a QAHE region.
This can be understood by the evolution of band inversion for different spin channels. From NI to T-broken QSHE, in which the two spin channels are nonequivalent, the sequent band inversion by tuning the order parameter L naturally leads to a QAHE region with the inverted band order for only one spin channel. Thirdly, the critical points along the L axis are triple-phase points among NI, QSHE, and QAHE. These points are the only connection between NI and QSHE, while a tiny magnetization drives the phase to the QAHE region [26, 34] . Finally, for a thick slab and strong magnetization, there is another trajectory for Eg() = 0, depicting an island with distinguished topological phase. It is because the subbands of the quantum well system with higher energy move to the Fermi level by the exchange field, and thus induce another band inversion. Such area is not our focus here because it is challenging to realize experimentally.
The band gaps at the  point Eg() as functions of the film thickness L and the magnetization are shown in Fig. 1 On the other hand, with a fixed L, Eg() generally closes only once by increasing M within a moderate range, corresponding to the transition between NI (or QSHE) and QAHE. is only ~ 0.1 meV (or less) higher than the ground state (see Table I with the previous prediction [29] . As a result, the edge states consist of two counterpropagating channels with each almost spin polarized, resulting in a similar plateau of spin Hall conductance that exists in the clean limit but may not survive against disorder.
Although the Z2 index does not apply to systems without T, what makes AB topologically nontrivial is its nonzero spin Chern number, which remains valid when T is broken and corresponds to a gapless projected spin spectrum given by ⟨ ( )| | ( )⟩ [38] . For ABA configuration, the green squares in Fig. 3(h) show that there are two branches emerging from the valence band at ka = 0 but only one back at ka = 2, indicating that the other branch connects the conduction band. Thus, the gapless edge state is contributed by only one spin channel as a single 1D chiral mode, leading to a quantized anomalous Hall conductance in the bulk gap. The band structure and edge state showing QAHE (ABBA and ABAB) as well as T-broken QSHE (BAB) for the other configurations is listed in Supplementary Section IV. (i) quantized anomalous Hall conductance of ABA configuration.
Design principles of quantum anomalous Hall effect
Our DFT results suggest that the topological properties of the 2D systems fits the phase diagram quite well. This coincidence not only indicates that the main physics of the topological phase transitions is successfully captured by our simple model, but also provides us rational design principles of QAHE, as illustrated by Fig. 1(a) . We put the configurations as discrete points into the phase diagram in the following way. Firstly, to begin with a specific configuration (e.g., AB), replacing a B layer by an A layer moves upward vertically (e.g., AA). Therefore, the evolution of BB-AB-AA [red vertical line in Fig. 1(a) ] is to add exchange field gradually to a 2D T-preserved TI. The exchange field at first makes the band inversions of two spin channels nonequivalent, corresponding to Tbroken QSHE, and then release the band inversion of one spin channel, turning the system to QAHE. Secondly, adding a nonmagnetic B layer moves rightward horizontally in the phase diagram. As shown by the red horizontal line in Fig. 1(a) , the evolution of A-AB-BAB illustrates the phase transition between NI and T-broken QSHE by changing the film thickness.
We note that some conditions of our continuous model do not exist in the 2D systems we choose, such as the uniform exchange field applied to the film, and inversion symmetry that lacks in certain configurations. For example, ABAB and ABBA correspond to a same QAHE point in the phase diagram in terms of the thickness and total magnetization, but while ABBA has inversion symmetry, SIA effect exists in ABAB. Previous model
Hamiltonian calculations reveal that the presence of SIA tends to release the band inversion in a Chern insulator by closing the band gap [26, 34] . This is in consistent with our DFTcalculated results that both of ABAB and ABBA are Chern insulators with C = 1 but ABAB has a smaller band gap (see Table I ). Another effect induced by Rashba SOC is that the 2D , slightly less than the exact quantization. However, we note that by choosing a proper "pseudo-spin" vector one can still block diagonal Eq. (2) with SIA term and then define a rigorous spin Chern number that is an integer for QSH insulator with T-broken [38] . with a higher 7/2 spin state, thus enhancing the spontaneous magnetization. In addition, with a fixed magnetization, QAHE could be realized by increasing the film thickness. This is because the band gap decreases with increasing film thickness, and so is the critical exchange field of topological phase transition. Such horizontal regulation could also be achieved continuously, and thus reach the QAHE region between A and AB, by electric field that applies different on-site energy to real-space separated orbitals. Consequently, through the exfoliation of MnBi4Te7 and MnBi6Te10 with superlattice-like stacking patterns, we are in principle able to reach a great area of the phase diagram discretely for the sought functionality, which calls for further experimental confirmation.
